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Abstract 

Recently a /-deformed Fock space which is spanned by \n)\ has 
been introduced. These bases are indeed the eigen-states of a de- 
formed non-Hermitian Hamiltonian. In this contribution, we will use 
a rather new non-orthogonal basis vectors for the construction of co- 
herent and squeezed states, which in special case lead to the earlier 
known states. For this purpose, we first generalize the previously in- 
troduced Fock space spanned by \n)\ bases, to a new one, spanned 
by an extended two-parameters bases |^)ai,A 2 - These bases are now 
the eigen-states of a non-Hermitian Hamiltonian H\ lj \ 2 = o,\ 1 \ 2 a ~ >r 5> 
where a/^ Aa = a) + Aid + A2 and a are respectively, the deformed cre- 
ation and ordinary bosonic annihilation operators. The bases \n)\ t \ 2 
are non-orthogonal (squeezed states), but normalizable. Then, we de- 
duce the new representations of coherent and squeezed states, in our 
two-parameters Fock space. Finally, we discuss the quantum statisti- 
cal properties, as well as the non-classical properties of the obtained 
states, numerically. 
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Quantum Statistics, Non-orthogonal Bases. 
Pacs: 42.50.Dv, 42.50.Ar, 03.65.Fd 



1 



1 Introduction 



Orthonormal set of bases, {\n),n e N,(m\n) = <5 mjn }^L , usually as the 
eigenvectors of hermitian Hamiltonians, is the most common set of bases 
has been frequently used in the framework of mathematical description of 
many areas of physics, especially in quantum mechanics. Moreover, the gen- 
eralization to non-orthogonal basis vectors such as \n)\ proposed in [1] may 
be preferred. The non-orthogonal basis states are recognized to be helpful 
in "generalized measurement", "quantum non-demolition measurement" and 
"quantum information theory" [2]. In the present paper, we will extend the 
previous work in [TJ and introduce a set of two-parameter non-orthogonal 
bases {|^)ai,a 2 

}™ =0 which are indeed the eigenvectors of a special deformed 
(non-hermitian) harmonic oscillator Hamiltonian. Also, following this idea 
will lead us to some new classes of generalized coherent states (CSs) and 
squeezed states (SSs) in the quantum optics field. Generalized CSs not only 
possess beautiful mathematical structure but also can generally be useful for 
the description of various concepts of physics [3J HI [5] (also see jH]). Along 
the latter goal, we will construct CSs and SSs, as venerable objects in physics 
[7], using the bases {\n)\ lt \ 2 ,n 6 iV}^ , instead of the usual orthonormal 
{l n )}^Lo an d non-orthogonal {|^)a}^L bases in [lj. Thus, in our opinion 
this approach provides a more fundamental and certainly more flexible basis, 
than that of the usual orthonormal one, considered extensively in the litera- 
ture, as well as the non-orthogonal basis \n)\ in [TJ, for the construction of 
new generalized CSs and SSs [H [91 [10] . Indeed, the explicit forms of CSs and 
SSs will be introduced, which contain two tunable parameters Ai and A2, by 
which one can obtain wide classes of states, from "standard CSs and SSs" 
(with Ai = = A 2 ), previous non-orthogonal representations of CSs and SSs 
in [TJ (with Ai = 0) to new two-parameter states, will be introduced here. 
For a quantized harmonic oscillator (QHO), one has H = a^a+j, [a, a)} = I, 
(a^Y = a, where a, a', H and I are respectively bosonic annihilation, cre- 
ation, Hamiltonian and unity operators. We consider the parametric har- 
monic oscillator, by deforming the creation operator according to the pro- 
posal in [TTJ 

a Ai,A 2 = flt + + ^> Ai,A 2 G-R (1) 
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while the annihilation operator remains unchanged, i.e., a,\ lt \ 2 = a. So, by 
analogy with the harmonic oscillator, the Ai, A2-Hamiltonian becomes 

= a} a + Xia 2 + \ 2 a + -. (2) 

Note that, (a AliA2 ) f ^ a\ lM and H ] XiM ^ H XlM . But, as for QHO yet we 
have 

MLaJ = I, [#Ai,A a ,4i,A a ] = Q La 2 > 

[^A!,A 2 ,a] = -a. (3) 

Thus, the new set ja, a Ai Aa , a Ai Aa a, / j still satisfies the Weyl-Heisenberg al- 
gebra as in the case of QHO. 

One of us has shown in [8] that, a large class of generalized CSs can be 
obtained by changing the bases in the underlying Hilbert space. At this 
stage, we would like to illustrate that, the particular deformation which 
we employed in this paper is a special case of the general scheme for the 
representation theory of CSs, has been introduced in [5]. To clarify more, 
we will explain briefly the setting. Let K be a Hilbert space and T, T -1 
be operators densely defined and closed on V{T) and D(T -1 ), respectively, 
and F = T^T. Two new Hilbert spaces T~Lfi 7~tF~ 

i are the completions 

of the sets V(T) and V(T^ ) with the scalar product (f\g)F = {f\Fg)u 
and (flg)F- 1 — (fW ^g)^ respectively. Considering the generators of the 
Weyl-Heisenberg algebra, as basis on "H, one may obtain the transformed 
generators on Tip, as follows 

a F = T~ 1 aT, a F = T~ 1 a ] T ) N F = T~ l NT. (4) 

A similar argument may be followed for Hilbert space If we take the 

non-unitary T-operator as 

T„, Ai ,a 2 = W^ Xia2 ~ X2a (5) 
it is easy to check that the following deformed operators may be obtained 

a F = T nMM aTn MM = a (6) 
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_ e ^Xia 2 X 2 a a \ e ~^\ 1 a 2 -\ 2 a 

= a f + Aia + X 2 I (7) 



and 



^ = T n,A 1 ,A 2 ataT n,Al,A 2 

_ e 5Aia 2 +A 2 a a t a g-iAia 2 -A 2 a 

= a L,A 2 « (8) 

where is an appropriate normalization factor, which will be determined in 
the continuation. In this manner, we have established the fundamental place 
of the particular kind of deformation proposed in [11] and will be used by 
us in the present work, in the general framework of representation theory of 
CSs in non-orthogonal basis. 

In terms of T„,,a 1 .a 2 , we can rewrite the Hamiltonian in Eq. (j2J), as H\ u \ 2 = 
^nXi A 2 -^o^n,Ai,A 2 , where H is the QHO Hamiltonian. According to the gen- 
eral formalism in [8] , the normalized non-orthogonal bases in the new Hilbert 
space can be obtained as 

[ n — r i 
71 L 2 J 



r=0 k=0 
flV \\\ n 2 - r - 2k 

X \2 J k^^V^)\S^) r) ' {) 

where we have used T n ^ lt \ 2 in (jHJ), [m] denotes the integer part of m and £ n 
may be derived with the normalization condition, Ai,A 2 ( n l n )Ai,A 2 = 1 as 

[ n — r i \ 71 — r 1 

n . L 2 J I 2 J 1 

r=0 ' fc=0 fe'=0 

x Al Aa l-i (10) 

fc!(n-r-2Jfe)!Jfe , !(n-r-2Jfe')! 

Eq. (j5J) suggests that, every state |«)a 1 ,a 2 in this non-orthogonal Hilbert 
space can be regarded as a special finite superposition of |0), |1), \n) in the 
standard Fock space. In the limit Ai — > 0, £ n reduces to the normalization 
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factor A 2 )] 1 i n one-parameter states (Ai = A = Ai) introduced in 

P] (L°(x) are the Laguerre polynomials of n the order) and in the limit 
Ai, A2 — > it reduces to unity. 

The non-Hermitian Hamiltonian H\ u \ 2 , is isospectral with Hq [11], i.e., 

H\ u \ 2 \n)\ u \ 2 — -Sn,Ai,A 2 | n )Ai,A2; (H) 

where E ni \ u \ 3 = E n = n + ~ and n = 0, 1, 2, ... . Also the actions of a and 
a A Aa on Ai, A 2 -bases are as follows 

a \ n )\iM = -^->/n\n - l) Al>Aa (12) 

Sn-1 



4 1 ,A 2 l n )Ai,A 2 = -^-Vn + l|n + l) Al)A2 . (13) 

As it may be expected, in the limit Ai — > 0, we recover the results of the 
A-states in p] and in the limit Ai, A 2 — > 0, we get the usual actions of ladder 
operators of harmonic oscillator. The inner product of the states in (Q, also 
read as 

min(m,n) ^ m+n „ 2 r t^T^ ^1 / 1 \ 

Ai,A 2 (w|n) AliA2 = V m!n! f„f m -2— | f - J (14) 

r=0 ' fc=0 j=0 ^ ' 
yk+jy2(k+j) 
X 1 2 

fc!(m — r — 2/c)!j!(n — r — 2j)! 

Let us end this section, by mentioning some of the interesting and impor- 
tant points we may further conclude. 

a) It is important for our further work to establish that the non-orthogonal 
states |^)ai,a 2 can be regarded as the bases of new Fock space. For this pur- 
pose, the necessary and sufficient conditions mentioned for a one-dimensional 
quantum Fock space in [12] will be investigated. In our case, these conditions 
are briefly, (i) existence of a vacuum state, such that a\0) = 0, note that we 
have considered |0) Ai ,a 2 = |0), (ii) (0|ao^ iAa |0) > 0, (hi) [aa{ iM , a[ i X2 a] = 
(in [I] there's a typing error) and aa Ai A2 ^ a Ai Aa a. 

b ) a A 1 ,A 2 a l n )Ai,A 2 = N AljA2 |n) AliA2 = n|n) Al)A2 , so N Xl ,\ 2 can be regarded as 
number operator in the new Fock space. Moreover, from this equation, we 
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see that (n + \\a 2 + A 2 a)|n) AlA2 = n\n)\ u \ 2 , which indicates simply the lad- 
der operator formalism [T3] of the state \ri)\ lt \ 2 . 



c) By Eqs. f|T2|) and f|T3|) . we obtain respectively 

an \ n )xi,x 2 = ^nVnI|0) Al)A2 , 



4 " '"Urio)^, 



(15) 
(16) 



which will be helpful for our next calculations. 



2 Construction of CSs in |^)a 1 ,a 2 basis 

Using the algebraic definition of CSs as the eigen-states of annihilation op- 
erator PHI [TBI 



a\a, Ai, A2) = a\a, X%, A2) 



(17) 



we want to construct the CSs in the new deformed bases introduced in Eq. 
(jHl). As usual, expanding \a, Ai, A2) in terms of |^)ai,a 2 bases as \a, Ai, A2) = 
Yl^=o C n \n)\ lt \ 2 , setting in Eq. (ITTj) and using Eq. (Tl2l) . we finally get 



X] ^T^v^l^ - 1}ai,a 2 = C n \n} Xl , 

n=0 ^ n " 1 n=0 



A 2 - 



The coefficients C„ will be obtained as 



C n — Cq 



a 1 



(18) 



(19) 



where we have used the fact that £0 = 1. For the normalization condition of 
the state \a, Ai, A 2 ) one yields 



Co = exp 



_I Al K(a 2 ) - A 2 K(a) - ^ 



(20) 



where dt(a) is the real part of a. Finally, the normalized Ai, A 2 -CS takes the 
form 



\a, Ai, A 2 ) = exp 



_I Al SR( a 2)_A 2 SR( a )-M 



a' 



vn!6 



l^>A!,A 2 , (21) 



which is a new representation of CSs in \n)\ u \ 2 basis. Their inner product, 
which allows over-completeness, can be expressed as 



oo oo 



min(rn,n) +n _ 2r 



XI 



m=0 n=0 



r=0 



r ! 



(22) 



EE<* 

A:=0 j=0 



k+j_ 



k\(m — r — 2k)\j\(n — r — 2j)\ 



with 

N^pmm = exp 



--Ai(9£(a 2 ) + 9£(/3 2 )) - A 2 (9fc(a) + - 



a 



(23) 

Now, we imply that, by Eq. (fl6|) the CSs in (I2T]) can be expressed in terms 
of the lowest eigen-state of H\ lt \ 2 as 



| a, Ai, A 2 ) = exp 



l -\^(a 2 ) - X 2 $t(a) - M 



|0>. 



(24) 



By BCH lemma, ff24|) can be rewritten as 



|a,Aa,A 2 ) = C e^ lQ2+w ^|a) = e -fAi«(«-)-*»R(a0-^ (25) 
x e iA 1 ( R ( a2 ) +i3 ( a2 )) + A 2 ( R ( a)+ ,. 3 ( Q )) + ^ |a) = ^(^lo), 

where we assumed that D\ 1 \ 2 (a) = e^5 Al3 ( Q2 )+ A23 ( a ))Z)(a) and the imagi- 
nary part of x is denoted by S(x). Since D(a)\0) = \a), which is the standard 
CSs, we conclude that \a>, Ai, A 2 ) is identical to |a), up to a phase factor and 
therefore |a,Ai,A 2 ) = \a) whenever a G R; a result that may be expected 
from the eigenvalue equation ffTTl) . So, obviously there is no problem with 
resolution of the identity 



iAi»(a 2 )-A 2 5R(a)-^L 



d/j,(a)\a, Ai, A 2 )(a, Ai, A 2 



(26) 



c 



with dfi(a) = \d 2 a . 

We would like to emphasize that, all we have done in this section is obtaining 
the explicit form of canonical CSs in a deformed Fock space |^)ai,a 2) which are 
non-orthogonal, and we called them new representation of canonical CSs. As 
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another result, we conclude that by a particular superposition of \n)\ lt \ 2 bases 
(which themselves exhibit squeezing [TTj) . we have obtained canonical CSs. 
Note that, both the orthogonal bases \n) which commonly have been used 
in the construction of CSs, and (one and two parameters) non-orthogonal 
bases introduced (and applied) by us, are non-classical states. But, orthog- 
onal bases have sub-Poissonian statistics (due to the fact that their Mandel 
parameters are equal to —1) without squeezing, while non-orthogonal bases 
exhibit squeezing. 

The dynamical evolution of the Ai, A2-CSS in \n)\ u \ 2 basis, may be simply 
obtained due to the linear spectrum feature of H\ lj \ 2 



C/(£)|a, Ai,A 2 > 



exp 



-A^a 2 ) - A 2 K(a) 



a 



(27) 



e~ ltH ^\n) XlM =e-2|a(*),Ai,A 2 ) 



Vn\£ n 



where we have used a(t) = ae~ lt . This means that, the time evolution of 
Ai, A2-CSS in this non-orthogonal bases remains coherent in the same bases 
for all time {temporal stability). 



3 Construction of SSs in Ai, A2 basis 

According to the statement of Solomon and Katriel [16], the conventional SSs 
are obtained by the action of a linear combination of creation and annihilation 
operators on an arbitrary state. Now, by generalizing this procedure to Aa 
introduced in ([!]) and a\ lt \ 2 = a of the deformed oscillator we have 



(a-r]a{ iM )\r],X 1 ,X 2 ) = rj G C. 



(28) 



This equation for Ai,A 2 = leads to the squeezed vacuum states \rj) 
C exp 



|0), where Co is a suitable normalization coefficient. But, in 

general, from Eq. (j28|) and by similar procedure we have done in previous 
section for Ai, A 2 ^ 0, we will arrive at a new representation for Ai, A 2 -SSs as 



|?7, Ai, A 2 > 




(29) 
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where m &y be obtained from Eq. fllOp . For the normalization factor, one 
may get 



oo oo min(2m,2n) *2m+2n—2r 

C ° = EE^ m (2n-l)!!(2m-l)!! £ ^— . (30) 

n=0 rn=0 r=0 

f 2m- ri \2n — ri 

—I i^^J / -| x fe+j A^ A 2 k+j) 



1 1 a) 



k=0 j=0 



2 J k\(2m - r - 2k)\j\(2n - r - 2j)V 



These Ai, A2-SSS are normalizable, provided that the coefficients Co is nonzero 
and finite. From the above discussion, we immediately conclude that trans- 
lating \rj, Ai, A2) (in |^)aj,a 2 basis) to a state in the standard Fock space \n) 
does not coincide with the one we previously referred to in the beginning 
of this section. This is due to the fact that, unlike the introduced CSs in 
Eq. ff2T]) . in obtaining the Ai, A 2 -SSs both the annihilation and the deformed 
creation operators are contributed (see Eq. f[2"gj) ). 



4 Non-classical properties 

In this section, we will introduce the non-classical criteria which we will 
consider in our numerical results. 



4.1 Mandel parameter 

The standard CSs possess the Poissonian distribution as P{n) = \(n\a)\ 2 = 
e~' a ! |a| 2n /n!, whose mean and variance are equal to |a| 2 . Similarly, in the 
case of our Ai, A2-CSS we can define: 

p MM( n ) = Ui,A a Ha, Ai, A 2 )| 2 , (31) 

which may be interpreted as the probability of finding the states \a, Ai, A2) 
in non-orthogonal \n)\ 1} \ 2 basis. So, 

00 

a 1 ,a 2 («)ai,a 2 = ^2nP XlM (n), 

n=0 

00 

Ai,A 2 (n 2 ) Al ,A 2 = ^2n 2 P XlM (n). (32) 



n=0 
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To examine the statistics of the states, Mandel's Q-parameter is widely used, 
which characterizes the quantum statistics of the states of the field. This 
parameter has been defined as Q = (n 2 ) — (n) 2 / (n) — 1 [17J. To check Pois- 
sonian, sub-Poissonian or supper- Poissonian statistics, as in PQ, we can in- 
troduce a further extension definition for Mandel parameter [17] as follows: 



A 1 ,A 2 (^ 2 )a 1 ,A 2 -Ai,A a ( n )l u X 2 1 , 00 , 

q\i,\ 2 = t~t — - 1 (33) 

Ai,A 2 WAi,A 2 



where n — a* 



a'a. 



We can also introduce an alternative deformed Mandel parameter, using 
the deformed number operator N\ lt \ 2 = a/ Xl Aa a as: 

^ Ai,A 2 (^Ai,A 2 )Ai,A 2 — Ai,A 2 (-^Ai.Aa) Ai,A 2 1 / Q/1 n 

VAx,A 2 = 7^ r 1. (34) 

Ai,A 2 \-'^Ai,A 2 / Ai,A 2 

When Qai,a 2 = 0, the states exhibit Poissonian, Q\ lt \ 2 < sub-Poissonian, 
and Qai,a 2 > super- Poissonian statistics in \n)\ u \ a basis. The same argu- 
ment may be followed for g^ lj ^ 2 -parameter. It is interesting to notice that, 
while we have the lower bound Q\ lt \ 2 > — 1 there's no such boundary for 
<?Ai,a 2 - Strictly speaking, Q\ lt \ 2 = if the deformed number operator is 
considered, the situation that is the same as ordinary Q-parameter in or- 
thonormal basis \n) when n = a'a. 

4.2 Quadrature squeezing 

Quadrature squeezing is another property which the quantum states may 
possess. Firstly, we define x = ^(a + a^) , p = rK^{a — a)) and (Axj) 2 = 
(x 2 ) — (xi) 2 where Xj = x,p. Uncertainty relation in x is obtained as 

(Ax) 2 = i[l + (l-2A 1 )(a 2 ) + (at 2 )+2(ai iiA2 a) 

- 2A 2 (a)-(a) 2 -(a t ) 2 -2(a)(a t )]. (35) 
Similarly for p— quadrature, one has 

|l 

- 2X 2 (a) + (a) 2 + (a^) 2 -2(a)(a% (36) 

where all of the expectation values, should be calculated with respect to the 
Ai, A2 coherent and squeezed states. 



(Ap) 2 = -[l-(l + 2A 1 )(a 2 )-(a t2 ) + 2(a AiiA2 a) 
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5 Numerical results and conclusion 



From Figure 1 and 2, it is seen that the squeezing effect does not occur for 
the generalized CSs \a, Ai, A2). But as it is observed, with increasing Ai, for 
fixed A2-parameters the uncertainties in both quadratures tend to 0.5 (the 
uncertainty of vacuum or canonical CSs). The same criterion for the SSs 
\r), Ai, A2) is investigated in Figure 3 and 4. The squeezing effect may be seen 
in p-quadrature for some fixed values of Ai. 

In Figure 5 and 6 we displayed the Mandel parameter Q\ 1 . function 
of Ai (for fixed values of A 2 ) corresponding to respectively CSs \a, Ai, A 2 ) and 
SSs \t), Ai,A 2 ). The negativity of this quantity in some regions, is observed 
from the two figures, showing the non-classicality of the introduced states. 
Figure 7 and 8 show the deformed Mandel parameter qx l ,x 2 defined in ( 133]) 
for again CSs \a, Ai,A 2 ) and SSs \r), Ai,A 2 ), respectively. Negativity of this 
parameter in some regions of A 2 (for fixed values of Ai) or in some regions of 
Ai (for fixed values of A 2 ) clearly shows the non-classicality features of these 
states. 

In conclusion, in this paper we have used the non-orthogonal squeezed 
states [UJ \n)\ lt \ 2 which are the eigen-states of the non-Hermitian Hamilto- 
nian H\ ly \ 2) as the bases for the construction of our CSs and SSs. We illus- 
trated that, these states can be regarded as the bases of our infinite dimen- 
sional Hilbert space with a defined scalar product. Our motivation for this 
consideration is the more generality and more flexibility of the non-orthogonal 
basis: { |n) a 15 a 2 5 72 ^}^=o rather than orthogonal one {\n),n G N}^ =Q , and 
even the earlier one-parameter non-orthogonal bases {\n)\,n G N}^L , es- 
tablished by one of us |TJ. Also, the place of the deformations which lead 
to the outlined bases in the general framework of the representation theory 
of CSs is deeply established. Then, we concluded that, by some special su- 
perposition of the deformed Fock space, we can obtain new representations 
of CSs I at, Ai, A 2 ), as well as SSs \r), Ai, A 2 ) in the new two-parameters basis. 
Interestingly, in this Fock space, we obtained a set of new physical aspects; 
for instance, squeezing and sub-Poissonian statistics as some non-classical 
features. It is noticeable that, in the canonical CSs which is a composition 
of orthogonal bases, neither of these features may be observed. So, as it is 
implied in [8], in some classes of generalized CSs, which the non-classicality 
signs are revealed (nonclassical states), one may find their root in the non- 
orthogonality of basis, mathematically. Indeed, transforming the orthogonal 
basis to non-orthogonal one in the " canonical coherent states" , results in the 
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appearance of the non-classicality features. 
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Figure Captions: 



Fig 1 The graph of (Ax) 2 for CSs |a;, Ai,A 2 ), as a function of Ai, for 
A 2 = 0.01,2,5.5,8, a = 0.8. 

Fig 2 The graph of (Ap) 2 for CSs |a,Ai,A 2 ), as a function of Ai, for 
A 2 = 0.8,1.4,2,5, a = 0.8. 

Fig 3 The graph of (Arc) 2 for SSs \r/, Ai,A 2 ), as a function of A 2 , for 
\ 1 = -0.8, -0.4, 0.001, 0.6, rj = 0.8. 

Fig 4 The graph of (Ap) 2 for SSs |?7,Ai,A 2 ), as a function of A 2 , for 
\ 1 = -0.001,0.5,0.8, 7] = 0.8. 

Fig 5 The graph of Mandel parameter <5ai,a 2 f° r CSs |a,Ai,A 2 ) as a 
function of A x , for A 2 = -0.2, 0.0001, 0.5, 0.9, a = 2. 

Fig 6 The graph of Mandel parameter <5ai,a 2 f° r SSs |?7,Ai,A 2 ) as a 
function of A 2 , for Ai = -0.6, -0.3, 0.1, 0.8, rj = 0.8. 

Fig 7 The graph of Mandel parameter gAi,A 2 f° r CSs \a, Ai, A 2 ) as a func- 
tion of A 2 , for Ai = -0.8, -0.1, 0.2, 0.8, a = 0.8. 

Fig 8 The graph of Mandel parameter gAi,A 2 f° r SSs \rj, Ai, A 2 ) as a func- 
tion of Ai, for A 2 = -0.8, -0.2, 0.01, 0.6, 77 = 0.8. 
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